The quantum Hall effect is one of the most important developments in condensed matter physics of the 20th century. The standard explanations of the famous integer quantized Hall plateaus in the transverse resistivity are qualitative, and involve assumptions about disorder, localized states, extended states, edge states, Fermi levels pinned by Landau levels, etc. These standard narratives give plausible reasons for the existence of the plateaus, but provide little in the way of even a qualitative understanding of the shape and width of the Hall plateaus, much less a first principles calculation [1, 2] . The injection model presented in this paper changes that situation. Rather than focusing on the middle of the Hall device, we follow the electrons to their source: one corner of the Hall bar and its steep electric field gradients. We find the entire resistivity curve including the Hall plateaus is calculable as a function of magnetic field, temperature, and current. The new higher current experiments reported here show remarkable half integer features for the first time; these are faithfully reproduced by the injection theory. The Hall plateaus and half integer inflections are shown to result from the local density of states appropriate to the magnetic field and the strong electric field gradient at the injection corner.
The color range from red to blue denotes the value of the potential. The equidistant equipotential lines at the center of the device follow the cartesian unit vector e x , while near the corner the electric field strength increases (hot spot) and the equipotential lines follow the radial unit vector e r and run isotropic perpendicular to quarter circles. The source-drain voltage V SD is experimentally adjusted to deliver a constant direct current I SD , and the Hall resistivity is obtained by measuring the ratio ρ xy = V H I SD , while the longitudinal resistivity is obtained via
on the center section of the Hall bar, including the edges. The de-emphasis of contacts and the injection point goes so far as introduction of a fictitious translational invariance, crucial for example to Laughlin's elegant gauge argument for the integer plateaus [8] . However the gritty job of understanding the flux of electrons through the corner from first principles has as its reward a calculable, quantitative understanding of the transverse resistivity Hall plateaus. A satisfying continuity would prevail with the theory of quantum point contacts (QPCs) and two-dimensional electron gases (2DEGs) in the absence of a magnetic field, in which conductance is calculable in terms of the injection of electron flux at the QPC, without having to worry about the fate of the electrons after they leave the QPC, apart from any backscattering. Because of the presence of a strong magnetic field leading electrons along potential contours and along edges, backscattering is not an issue in quantum Hall experiments.
The key ingredients to such an injection theory are knowing the local density of states at the injection point, and appropriate convolution with the finite temperature Fermi distribution. At the injection corner of the Hall device, steep and rapidly changing electric field gradients exist. This would seem to make calculations very difficult, especially considering the strong magnetic field which is present. Time-dependent wave packets propagated by fast Fourier transform have proven to be extremely useful tools for understanding and calculating quantum point contact injection physics, including thermal averaging, impurity scattering, small angle scattering due to donor atom density fluctuations, the quantum point contact potential, etc. [9, 10, 11] . In the harsh environment of the corner, a novel wavepacket approach developed earlier [12] allows calculation of quantum electronic transport within the stringent boundary conditions imposed by the device geometry.
The sample studied in this work is a modulation-doped GaAs/AlGaAs heterostructure grown by molecular beam epitaxy (MBE). The following layer sequence is grown on a GaAs semi-insulating substrate: 1 µm GaAs, 20 nm undoped Al 0.33 Ga 0.67 As, 40 nm Si-doped Al 0.33 Ga 0.67 As, and 10 nm GaAs cap layer. The device was made into a Hall bar pattern by standard optical lithography and etching processes and a Ti/Au gate was evaporated on the surface. The width of the Hall bar and the center-to-center distance between the two voltage probes used to measure the longitudinal resistance are 80 µm and 720 µm, respectively. At gate voltage V g = 0, the carrier density of our 2DEG is ≈ 2.27 × 10 15 m −2 with a classical Figure 2 : Hall resistivity ρ xy as a function of the magnetic field. a, Experimental Hall longitudinal resistivity ρ xx and Hall resistivity ρ xy as a function of the magnetic field for a constant current and a series of increasing temperatures. b, Experimental Hall resistivity ρ xy as a function of the magnetic field for a constant lattice temperature and a series of increasing currents. Intersection points with decreasing slope exist at filling factor ν = mobility of µ ≈ 9.4 m 2 /Vs at T ≈ 0.3 K. Four-terminal longitudinal resistivity ρ xx and Hall resistivity ρ xy were measured in a top-loading He 3 cryostat using standard ac phase-sensitive lock-in techniques at a frequency of 87 Hz. In our studies, current-dependent resistivity measurements were performed at a fixed lattice temperature of T ≈ 0.3 K and T -dependent resistivity measurements were performed at a fixed current of 100 nA. Figure 2a shows the measured ρ xx and ρ xy for the Hall device for a fixed current and a series of increasing temperatures, and Figure 2b for a fixed temperature and a series of increasing currents. While in both series a shrinking of the integer plateaus is visible, the increasing current series evolves very differently from the increasing temperature series. Both series share invariant intersection points around the center of integer plateaus. The current series however displays another series of intersection points, one very close to ρ xy = 2h 7e 2 (corresponding to the filling factor ν = 7 2 ), and one in the vicinity of ν = 5 2 . These intersection points are not present in the fixed-current, varying temperature series. At these half-integer filling factors the slope of ρ xy (B) decreases with increasing current. This is best analyzed in terms of the derivative of the Hall resistivity ∂ρ xy /∂B, which provides a measure of the local density of states (LDOS) at the injection region. In Fig. 3b , the current induced gaps at filling factors ν = 5 2 and 7 2 are clearly visible as local minima (marked by arrows) of ∂ρ xy /∂B, whereas the constant current series in Fig. 3a shows local maxima at the same points, which get broadened due to an increasing k B T , where k B is the Boltzmann constant. The striking difference between the appearance of the local maxima in the temperature series and the local minima in the current series is not explained within conventional IQHE theories, where the effect of a higher current is interpreted as a change in temperature, which merely broadens Landau levels without inducing the formation and widening of a gap in the center of a Landau level at half-integer filling factors.
The usual picture of the shape of the density of states (DOS) as a function of energy is the following: In the absence of disorder, the DOS in a magnetic field shows δ-peaks at the Landau energies, which are assumed to be broadenend due to the presence of disorder and also to split into an extended band centered in the middle of each Landau level with associated states connecting both ends of the Hall bar, and a bordering localized state band, where no transport can occur. We believe this central argument in traditional discussions is in fact not the key to an understanding of the IQHE. It is much more important to understand the local density of states at the point where electrons enter the device; this is the "injection theory" idea. Our model of the IQHE incorporates some aspects of the traditional narrative, namely that many-body effects can be incorporated at the mean-field level and an effective mass description of the electron prevails. Apart from these assumptions, a complete theory of the IQHE should incorporate all the known features of the experiment, unless they can be proven to be absolutely unimportant. These features must include the finite geometry of the Hall bar, the presence of a non-vanishing current flow between the singular potential at two opposite corners, and the random background potential within the device.
Near the corner, the local electric field is amplified 300 times compared to its value in the center of the Hall bar. Since dissipation occurs precisely in this region and current is emitted into the device through Ohmic contacts, which connect the macroscopic part of the device with the 2DEG, it is crucial to derive the LDOS there. For the experimentally fixed current, we solve the self-consistent relation between the voltage drop across the corner (which broadens and modulates the LDOS) and the quantum mechanical current (see the Appendix). The LDOS in a quantum Hall system ( Figure 4 ) shows a very different behaviour from the DOS of a disordered system: the LDOS drops to zero in the middle of even Landau levels, and thus transport is suppressed around the center of these Landau levels, as predicted before in a uniform electric field environment [13, 14, 15, 16] .
The gaps in the LDOS disappear at low currents due to the convolution with the temperature broadened Fermi-Dirac distribution. It is remarkable that ρ xy is not affected by local disorder perturbations in the injection region, since the corner geometry enforces a much stronger electric field gradient than the gradient caused by disorder fluctuations. The Ohmic resistivity ρ xx is probed later in the device, where the amplification effect of the Hall field is absent. These two points explain the robustness of the quantization of ρ xy against disorder. It is important to note we do not require any disorder; it plays no essential role in our theory of ρ xy in the IQHE, in keeping with the experimental trend of still observing the IQHE in ever cleaner samples [17] . Also electrons confined to closed interior orbits in strong magnetic fields, while undoubtedly present, play no significant role in our theory.
Certain values of the Fermi energy are of special importance and directly related to integer and halfinteger structures: Whenever the magnetic field is such that the Fermi energy falls between two Landau levels, the LDOS is highly suppressed and we obtain an integer filling factor ν and recover the IQHE with quantized conductivities σ xy,ν = νe 2 h . However there is a second interesting case, related to the substructure present in the LDOS. For the filling factors ν = 
Filling Factor
Figure 4: Theoretical calculation of the LDOS (with spin splitting, g * = −0.77) for the magnetic field B = 3 Tesla for different electric field strengths at a fixed distance of 220 nm from the singularity. Note that the zeroes at the filling factors 
A The Hall potential in the injection region
The distribution of the Hall potential close to the current injecting Ohmic contacts is crucial for deriving the current-voltage relation. The analytic solution of Laplace's equation with the boundary condition of a given voltage difference V SD between the two Ohmic contacts and no current leaving the sample along the long sides [18, 19, 20, 21] leads to a highly non-uniform potential and current distribution, shown in Figure 1 . The electric field lines close to two opposite corners of the device follow quarter-circles, whereas in the middle of the device a smaller homogeneous electric field with parallel field lines prevails. Several experiments have imaged either the Hall potential directly [4, 5] or the resulting hot spots in opposite corners of the device [6, 7] and thus established the validity of the classical Hall field calculation with its high electric field values at two corners even in the quantum Hall regime. The detailed study of the Hall potential by scanning force microscopy (SFM) in Ref. [5] , Fig. 3 , has shown that very close to the injection region (< 0.5 µm), the Hall profile retains a universal shape, not affected by screening and (in-)compressible stripes which can be present further away (> 6 µm) from the injection point, where the amplification of the electric field is reduced.
The solution of Laplace's equation (general Hall angle)
We follow Ref. [21] for the calculation of the electric field distribution, the current density, and the potential. We solve Laplace's equation subject to the boundary conditions that V (0, y) = V SD and V (L, y) = 0, in connection with the magnetoresistance equations for the current density j in the presence of a magnetic field B = (0, 0, B), and an electric field E = (E x , E y ) (see [3] , Eq. (9.1)):
We impose the boundary condition j y (x, 0) = j y (x, W ) = 0 and thus the electric field components at the point (x, y) is given by
where θ H denotes the Hall angle, L the length along the x-direction, W the width of the Hall bar (along the y-direction), and V SD the voltage difference between the two Ohmic contacts. The potential is obtained by integrating the x-component of the electric field along x
The classical current density (j x , j y ) at point (x, y) is given by
The solution of the Laplace and Schrödinger equation (Hall angle close to 90 • )
In the present experiment a Hall bar with a large length to width aspect ratio L/W 1 is used and thus the potential obtained in Eq. (3) can be considerably simplified in two regions: in the middle of the device at x = L/2, where it becomes the solution of a parallel-plate capacitor, with plates parallel to the x-axis at y = 0, W and a potential difference of V SD :
The resulting electric field is constant and directed in the y-direction:
Another most important simplification happens in the hot-spot corner of the device. There, the solution is given by the electrostatic potential of a rectangular corner, where the two sides have a potential difference V SD :
or in cylindrical coordinates (x, y) = r(cos θ, sin θ) with respect to the corner
The electrical field points along the unit vector e θ and is given by
The corner and the middle of the device are covered by a single conformal mapping. The existence of a conformal map allows to introduce a set of local orthogonal coordinates. In the middle of the device, the cartesian coordinates x, y form an orthogonal grid, whereas near the corner r, θ are orthogonal. For convenience, we choose the symmetric gauge with A = B(−y/2, x/2, 0). In the middle of the device the Hamiltonian is given by
Introducing cylindrical coordinates (x, y) = r(cos θ, sin θ) and the angular momentum operator L z , we obtain
Similarly, in the corner
= p
It is important to realize that the potential is in both cases just proportional to one of the orthogonal coordinates. Next, we discuss the local density of states (LDOS) close to the corner.
B The density of states in crossed electric and magnetic fields
For the uniform field case with Hamiltonian
the LDOS is derived in [14] . The LDOS (without spin) in crossed electric and magnetic fields is given by
Here, the level width parameter
is related to the magnetic length l = /(eB), the electric field E ⊥ = V SD /W , and E k denotes the effective energy shift for the kth level:
The electron spin leads to a shift of the LDOS and we obtain the LDOS in the presence of spin,
For the Hamiltonian
we have to perform a numerical calculation of the LDOS by tracking the autocorrelation function of a wavepacket which is propagated using Fast Fourier Transforms [12] . The resulting LDOS is to a very high accuracy (for V SD = 5 mV better than 10 −4 ) approximated by eq. (17), provided we set
For smaller V SD we obtain an even stronger numerical bound. The accuracy is best tested by subtracting the analytical available time-dependent autocorrelation function in a homogeneous electric field from the one obtained by numerical propagation. For the homogeneous case, the expectation value of the kinematic velocity Π/m = (p − eA)/m through a flux line along e x is given by
Likewise we obtain in the corner geometry for the flux through a line along e θ ,
C Quantum mechanical Hall conductivity in the injection region
While the LDOS (and the velocity) depend on the local field gradient, it is crucial to realize that the gaps of the LDOS in the middle of even Landau levels survive the averaging process over a wide range of local field gradients. However, other oscillatory structures in higher Landau levels are affected by the fieldaverage and may disappear. The disappearance of the gaps at small currents (here for I SD < 800 nA) is caused by the convolution of the LDOS with the Fermi-Dirac distribution at the liquid Helium temperature T = 0.3 K. In principle, the electric field suffers from the mathematical singularity at the corner where r = 0. However, we will assume that the non-uniformity of the contacts will weaken the singularity and thus limit the upper value of the electric field. An exact model of the environment around the singularity is beyond the scope of the present paper, but the experimentally observed structures allows us to pin down the effective distance from the singularity to r s ≈ 220 nm for a magnetic field around 3 Tesla, which leads to a 300-fold amplification of the electric field at the injection region compared to the middle of the device. This distance corresponds to 2 − 4 cyclotron diameters. In the present modelling, we distribute incoherent emitters with equal angular spacing on a quarter circle of radius r s = 220 nm.
The Hall angle in the used high mobility samples is between 85
• −90
• and the current is flowing almost perpendicular to the electric field vector (see Figure 1) . The equipotential lines near the hot spots are radial rays, while the lines of equal electric field are quarter-circles. Equipotential lines of equal angular spacing from the corner are transformed into parallel lines of equal distance in the middle of the Hall bar. In the presence of a magnetic field, the electrons move on these equipotential lines. Thus a point source emitting with uniform intensity along the quarter circle will populate the middle of the Hall bar uniformly. In the classical theory, we can calculate the average velocity of the electrons along a slice across the middle of Hall bar of width W and length L using the classical equations of motions:
We obtain the classical Hall coefficient by considering a uniform density of electrons N cl across the middle of the device which originates from a uniform, isotropic emission from a quarter circle close to the hot spot. The voltage drop across the device is equal to the source-drain
Thus the current becomes just
and the Hall resistance is given by
Next, we translate the classical considerations into the corresponding quantum mechanical model. As in the classical model, we consider the position of the hot-spot at the current injecting edge as the electron source for the current through the device. However, this time we study the quantum-mechanical emission and propagation of the electrons. To this end, we model the current injecting hot spot by a quarter-circle with a fixed radial distance r s from the mathematical singularity at r = 0. The Hamiltonian in the vicinity of the corner is given by Eq. (14) . We calculate the contribution to the total current of each source at position r s along the quarter circle by integrating over the product of the LDOS n ↑↓ E(rs)×B (r s ; E) at the emission point with the expectation value of the kinematic velocity of the emitted particle:
where we used the results for the LDOS and the velocity given in Sect. B. For evaluating the above equation along the quarter-circle, we take the dissipative nature of the hot-spot into account by launching wavepackets with the same initial kinetic energy, independent of their starting point on the circle. This assumption is supported by two experimental observations: (i) the hot-spot shows indeed an increased temperature compared to the rest of the device, and (ii) the QHE and the unique fingerprint of the modulations within a Landau level are prominently visible even for Hall potentials exceeding the energetic difference between two Landau levels by a factor of 10.
The conformal mapping assures that the isotropic emission from the corner flowing from the quarter circle is transformed into a homogeneous flow across the full width of the device W . Also the potential drop along the quarter circle is equal to the potential drop across the middle of the device. The quantum mechanical expression for the Hall resistivity becomes
The local density of states given in Eq. (20) depends strongly on the magnetic and electric field values. Between two Landau levels the LDOS is exponentially suppressed, and it is broadenend and modulated within each Landau level with a zero in the center of even Landau levels.
D Self-consistent solution for the source-drain-voltage and current
Now we are in a position to self-consistently solve the equations for given magnetic field B, temperature T , Fermi energy E F , and current I SD (which is fixed in the experiment by a constant-current source). Experimentally, the gate voltage V g can be used to change the Fermi energy and thus the average electron density. In this experiment V g = 0 is fixed, and thus the Fermi-energy is given by the average electron density N s divided by the average DOS n
To calculate the source-drain-current -Hall-voltage characteristics of the device, we fix the Hall angle θ H = 90
• . Then we proceed in the following way:
1. Make an initial guess of the source-drain voltage V SD (i.e. by using the classical Hall effect).
2. From Eq. (2), obtain the electric Hall field at a distance r s from the singularity.
3. Using Eq. (30), calculate the total current I qm .
4. Compare I qm with the experimentally given value I SD . If the current is too large, reduce V SD , otherwise increase V SD .
5. Repeat these steps until convergence with respect to |I SD /I qm − 1| < 10 −4 is reached.
Certain ranges of the magnetic field are of special importance and directly related to integer and halfinteger structures: Whenever the magnetic field is such that the Fermi energy falls between two Landau levels, the LDOS is highly suppressed and we obtain the integrated LDOS
with filling factor ν = 1, 2, 3, . . .. This yields the total current
Thus we recover the integer QHE with quantized conductivities σ xy,ν = νe 2 h . However there is a second interesting case, related to the substructure present in n ↑↓ E×B (r s ; E). For the filling factors ν = 7/2 and 5/2, the LDOS has a zero in the middle of the Landau level, whose position only very weakly depends on the electric field value (see Figure 4) . The filling factors 7/2 and 5/2 are located in the middle of the second Landau level. Both filling factors are separated in energy due to the Zeeman splitting E z = g * /m * µ B B caused by the electron spin with an effective g-factor. For higher electric fields (caused by higher currents) we observe an overlap of the neighboring Landau levels and an enhanced DOS between the two Landau levels. However, the zeroes of the DOS around the two filling factors stand out at all field values, since they actually widen at higher fields. The appearance and widening of the gaps at ν = 7/2 and 5/2 and the coalescence of the shoulders of the two levels are clearly visible in the experiment (Figure 3b ) and the theoretical calculation (Figure 3c ).
E Dissipation and Ohmic resistance
Two main mechanisms lead to additional resistance in the system: the Ohmic contacts into the device (see the discussion of hot-spots above), and the redistribution of the emitted current in the device. From imaging the vicinity of a hot-spot using SFM [5] , Fig. 3 , the following picture emerges: At distances closer than 500 nm from the hot-spot the Hall potential becomes independent of slight variations of the magnetic fields, while starting at a distance of several µm away from the injection region a redistribution of the Hall potential takes place, which depends on the magnetic field. The above experimental findings are in line with our theoretical model of the origin of the Hall plateaus, which predicts a more robust ρ xy which is unaffected by screening, while the current distribution and voltage drop along the sample edges associated with ρ xx are strongly affected by readjustments of the density caused by screening and disorder. The calculation of the screened potentials and (in-)compressible stripes, relevant for determining ρ xx along the middle section of the device, has been performed in Refs. [22, 23] , but in our model these stripes are not the reason for the existence of the Hall plateaus in ρ xy .
Since ρ xx is probed at a considerable distance from the hot-spot, it is more susceptible to disorder, screening, and gate structures and its calculation relies on more details of the sample than the calculation of ρ xy : In the injection region the disorder effects are negligible because of the huge electric field strength imposed by the device geometry. The decoupling of the theoretical description of ρ xy from the one of ρ xx is an important consequence of our model: It can explain the generally observed differences between ρ xx and ∂ρ xy /∂B. However, some similarity still prevails, which can be seen in Figure 2b , where the lack of available states right at the center of a Landau level is also reflected in a dip in the longitudinal resistivity ρ xx around B = 4.25 T.
F Relation to the breakdown of the IQHE
The current densities used in the present experiments are much lower than the one reported for the breakdown of the IQHE (∼ 1/100 Am −1 here, vs. ∼ 1 Am −1 in Ref. [24] ). In Ref. [24] the breakdown is characterized in terms of the longitudinal ρ xx component of the resistivity between two adjacent Landau levels. The breakdown can be also theoretically described within our model of a current-dependent LDOS, see Ref. [13] .
